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The paper considers the impact of velocity and material strength of the elongated
projectiles made of high-density alloy on their penetration into a semi-infinite steel
target. The numerical simulation of a two-dimensional axisymmetric problem of the
continuum mechanics is provided. Projectile velocity is in the range from 1400 to
2000 mps and corresponds to the hydrodynamic mode of interaction with reduction
of the projectile length during the penetration process as a result of its material
spreading. The calculations are made with the help of the developed free Lagrangian
points computational algorithm, which allows us to simulate material response under
the conditions of explosive and shock loading. It was found out that dependence of
the projectile penetration on the projectile material yield strength is nonmonotonic
and has an extremum corresponding to penetration depth maximum. While projectile
velocity is increasing the extremum is getting less defined and is shifting towards
higher values of the yield strength.
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Continuum mechanics numerical methods is an effective tool for
analyzing a high-velocity impact interaction of the materials [1]. This
article presents the results obtained during the numerical analysis of the
elongated projectile velocity and the impact of the tensile strength on
high-strength steel target penetration. Calculations were considered for
initial velocities in the range from 1400 mps to 2000 mps which determines
a hydrodynamic mode of the projectile penetration [2, 3]. In this mode
projectile material spreads along the target contact boundary since its
strength is significantly lower than mechanical stress in the contact area.
The projectile length is reducing to almost zero during the penetration
(the projectile “wears away”) [4, 5]. The analysis was carried out for
rod-shaped projectiles made of high-density materials providing a highly
effective penetration.

When a cylinder-shaped axissymmetrical projectile interacts with a
target along its front surface normal, this continuum mechanical problem
can be considered as a two-dimensional axissymmetrical problem. In a
cylindrical coordinate system (r, z), both the motion and the state of the
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deformable medium (of target and projectile materials) can be described
by the following set of equations of the continuum mechanics [1].

Materials density ρ changes according to the law of mass conservation
in the notation of calculus (continuity equation):
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here υr, υz are radial and axial components of the material particle velocity.
Radial and axial accelerations of the material particles are defined

according to the impulse law in the notation of calculus:
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here σr, σz, σθ τrz are normal and tangential components of the stress
tensor.

Mechanical stresses due to the deformation of the target and projectile
materials (metals) are calculated according to the model of the compressible
elastoplastic medium. Strain rate tensor components ε̇r, ε̇z, ε̇rz, of the
materials are expressed by velocity vector components derived from
kinematic equations:
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Tension evolution of the materials which can undergo significant plastic
deformations here is based on the incremental plasticity theory [1]. In this
case the major equations of this theory (Prandtl — Reiss equations) are
written in the form of the following differential equations:
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here sz, sr, sθ are normal components of the stress tensor deviator, G is a
medium shear modulus, λ̇ is scalar factor defined by a specific capacity of
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the plastic yield dAp/dt and by the yield stress σY as

λ =
3

2σ2Y

dAp

dt
.

A simplified method of Prandtl – Reiss [6] incremental plasticity
equations can be useful while applying an approach of reducing the vector
of the stress tensor deviator to the yield circle for solving elastoplastic
medium mechanical problems. In accordance with this approach, the
components of the stress tensor deviator were calculated assuming the
elastic behavior of the material. The following set of equations was used:
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here δz, δz, δrz are corrections of the stress tensor deviator components
connected to the rotation of a specified medium element as a rigid unit and
calculated according to the following equations:
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Then both the Mises yield is checked. The stress tensor deviator
components are corrected if required. An auxiliary function is calculated

J = 2
(
s2r + s

2
z + s

2
θ + 2τ

2
rz

)
.

In case the values of sz, sr, sθ, τrz, which were calculated assuming
material elastic behavior, conform to the condition J > (2/3)σY2 (it
corresponds to the plastic flow of the material), they are multiplied by√
2/3(3J)σY [6] for correction.
With the use of the values sz, sr, sθ, calculated according to the

incremental plasticity and pressure p, normal components σz = sz − p,
σr = sr−p, σθ = sθ−p of the stress tensor are calculated, these components
are included in the equations of axial motion of the material particles.
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Fig. 1. Computational scheme of the free Lagrangian points method:
a — discretization of the computational area; b — finite-difference scheme template

Pressure inside the metals as a function of volumetric deformation
(density ratio ρ/ρ0) is often calculated by the barotropic equation [3]:

p = A ((ρ/ρ0)
n − 1) , (1)

here ρ0 is material density at normal conditions (at zero pressure); A, n
are empirical constants of the material. When metal projectiles interact
with the metal targets at velocities with the order of one to two kilometers
per second, the influence of material internal energy on pressure can be
neglected.

Boundary conditions of the problem in question (Fig. 1, a) are as
follows. It is assumed that on the axis of symmetry (r = 0) there is no
radial component of the medium particle velocity (vr = 0). Mechanical
stresses on the free surfaces of the target and projectile materials are
assumed to be zero. On the contact surface of both the projectile and the
target, normal and tangential stresses in the interacting materials must be
equal to each other.

After setting the initial conditions it is assumed that the target material
is at rest and is not disturbed (velocities and all components of the stress-
strain state are zero). At the initial moment the projectile material is also
assumed to be undisturbed (all components of the stress-strain state are
zero). In addition to that the same velocity v0 oriented along z axis is set
at t = 0 for the whole volume of the projectile material.

For numerical solution to the formulated problem, a computational
algorithm is used, which is based on the method of free Lagrangian
points [7, 8].

The basic concept of the numerical method is as follows [9]. In the
computational area, a fixed Euler mesh is introduced. It has orthogonal
cells of the size Δr in the radial direction and Δz in the axial direction (see
Fig. 1, a). Some individual (Lagrangian) points of the medium are placed
into these Euler mesh cells, which are located inside the computational
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field area occupied by the medium. The individual points have neither size
nor mass. All parameters of the medium are defined at the points, such as
radial and axial components of the velocity vector, density, and components
of the stress tensor. Radial and axial coordinates characterize each point.

Each Euler mesh cell is individualized by a pair of integer numbers
(i, j), here i is a cell number in the radial direction, j is a cell number in
the axial direction (see Fig. 1, a).

The same pair of numbers is used as an index for all parameters of the
medium in the individual (Lagrangian) point which is located inside this
Euler cell (i, j) at this moment. For calculation of the parameters evolution
in a Lagrangian point, which is located inside the Euler mesh cell (i, j),
the parameters of Lagrangian points from four adjacent Euler cells are
used. They are a lower cell (i − 1, j), an upper cell (i + 1, j), a right
cell (i, j + 1), and a left cell (i, j − 1) (Fig. 1, b). If some of these Euler
cells are empty (not occupied by the medium), they are considered to be
occupied by dummy points having the same velocity vector components as
the individual point at zero pressure. Introduction of the dummy Lagrangian
points allows calculating the evolution of all individual points’ parameters
similarly regardless of the number of their adjacent points.

For instance, a new density value ρ∗(i, j) (at the moment t+Δt) at the
Lagrangian point located at the moment t inside the Euler mesh cell (i, j)
is calculated by a differential analog of the continuity equation

ρ∗(i,j) = ρ(i,j)

(

1−Δt

(
vr(i+1,j) − vr(i−1,j)
r(i+1,j) − r(i−1,j)

+

+
vr(i+1,j) + vr(i−1,j)
r(i+1,j) + r(i−1,j)

+
vz(i,j+1) − vz(i,j−1)
z(i,j+1) − z(i,j−1)

))

.

Similarly, all the other medium motions and state parameters at
another time can be calculated by differential analogs of the corresponding
equations.

Then, new radial and axial coordinates of the individual points are
calculated

r∗(i,j) = r(i,j) +Δt vr(i,j);

z∗(i,j) = z(i,j) +Δt vz(i,j).

These coordinates are used for redistribution of the individual points among
the Euler mesh cells. For each individual point new indices, i and j, of
the Euler cell are defined while the point is located at new time. Besides,
if some Euler mesh cells contain several individual points, all these points
are replaced by one point which has parameters averaged by parameters of
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the “joined” points. The points on the boundary occupied by the medium
(Euler cells containing these points have at least one empty cell among their
adjacent cells) are excluded from this rule. If one Euler cell contains several
individual points, one of which is a boundary point, only the boundary
point is used for calculation and all the other points are excluded from the
calculation.

After redistribution of the individual points among the cells of the Euler
mesh the described computational procedure is repeated. An artificial
viscosity [1] is introduced into the described computational scheme
for continuous calculation of the shock waves. In case of the medium
compression this viscosity gives a summand added to the hydrodynamic
pressure acting at this point (a combination of linear and quadratic artificial
viscosity is used).

Integration time step Δt is selected under the Current stability condi-
tion [1] and it meets the following inequation:

Δt < min
(i,j)

Δl

c(i,j) +
√
v 2r(i,j) + v

2
z(i,j)

,

here c(i,j) is speed of sound at Lagrangian points, Δl is least of the Euler
mesh steps along the radial (Δr) and axial (Δz) coordinates (generally, the
Euler mesh with square cells is used where Δr = Δz).

The described above computational algorithm is implemented in the
numerical simulation software ERUDIT (Russian abbreviation for Heuristic
Calculation of Ordered Motion of Individual Points) developed at Bauman
Moscow State Technical University which was used in the presented
research. Computational method described here was tested while solving a
wide variety of explosive and impact continuous medium loading problems
(as well as penetration problems) and showed positive results [10–12]. One
of its advantages is the ability to calculate a motion of the continuous
medium with large deformations without using specialized procedures of
computational mesh regeneration.

In order to penetrate into the targets made of high-strength steel
of a large width (more than 500 mm) elongated metal projectiles are
used which have speed of approximately 1500 m/s. As it was mentioned
above such projectiles penetrate into the targets in a hydrodynamic mode
(when the projectile material spreads around the target contact area with
the corresponding reduction of the projectile length during penetration).
According to the hydrodynamic theory of penetration [2] the main factors
affecting the target cavity depth are the following: a projectile length and its
material density. Elongated projectiles made of the high density materials
must be used for increasing a penetration depth. Such materials include
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heavy alloys based on tungsten, nickel, and iron [13, 14]. Apart from
possessing a high density (from 16.9 to 18.7 g/sm3) these alloys feature
a complex of other essential physical and mechanical properties which
put them among major materials used for high penetrability projectiles
production. These properties comprise a high plasticity (elongation up to
20 %), a high ultimate strength (above 1000 MPa), and a high yield strength
(up to 900. . .1000 MPa).

All the above considered, a numerical analysis of penetration of the
elongated projectiles made of tungsten-nickel-iron alloys proves important
to conduct. It is necessary to have a dynamic compression curve of
the alloy, which describes pressure inside the alloy as a function of its
density. Compressibility of materials has certain effect on the penetration of
elongated projectiles in a hydrodynamic mode [15, 16]. Therefore, a correct
choice of р(ρ) for the materials of both the target and projectile determines
validity of the numerical simulation results and their correspondence to the
real physical process.

An equation of dynamic compressibility for such multicomponent
composition as a tungsten – nickel – iron alloy can be developed by
applying the equations of compressibility for individual components [17].
Both assuming that total volumetric deformation of a multicomponent
material is a sum of volumetric deformations of individual components
and assuming equality of pressures in all components, interconnection
between density and pressure in the tungsten – nickel – iron composition
can be defined as follows:

ρ0

ρ
=

3∑

i=1

αi

(

1 +
p

Ai

)−1/ni
, (2)

here values αi describe phase composition of the heavy alloy and
correspond to the volume density of tungsten, nickel, and iron (it is
evident that the following relationship must be true: α1 + α2 + α3 = 1);
Ai and ni are parameters in the compressibility equations (1) for each
individual component. When the phase composition is known, a standard
density ρ0 of a heavy alloy is defined as ρ0 = α1ρ10 + α2ρ20 + α3ρ30, here
ρ10 = 19350 kg/m3, ρ20 = 8870 kg/m3, ρ30 = 7850 kg/m3 are individual
standard densities of tungsten, nickel, and iron respectively. Values of the
empirical coefficients in the compressibility equations of these materials,
which are used for obtaining the compressibility equation for the tungsten
– nickel – iron high-density composition, are shown in the table [18].

When calculating we considered VNZh-90 alloy (Russian abbrevation
for a W-Ni-Fe alloy) [14] with respective mass contents of tungsten, nickel,
and iron μ1 = 90%, μ2 = 7%, μ3 = 3% as the main material of the
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Empirical coefficients in the compressibility equations of tungsten – nickel – iron
heavy alloy components

Material A, GPa n

Tungsten 94.6 3.42

Nickel 45.3 4.507

Iron 19.5 5.642

elongated projectile. The density ρ0 of this alloy was ρ0 = 17170 kg/m3 at
normal conditions. It was calculated by the formula

1

ρ0
=
μ1

ρ10
+
μ2

ρ20
+
μ3

ρ30
.

Volume densities ρi in VNZh-90 alloy which are needed for drawing
a curve of the alloy dynamic compression (2) were calculated by the
equations αi = μiρ0/ρi0. They had the following values: α1 = 79.9%
(for tungsten); α2 = 13.5% (for nickel); and α3 = 6.6% (for iron).

The obtained equation of the dynamic compressibility for VNZh-90
alloy in the form of equation (2) doesn’t allow developing an explicit
equation of the pressure p inside the material as a function of its density.
It makes this equation impossible to use for a numerical simulation (as
it is necessary to construct a special procedure for calculating pressure
based on this relationship; it results in increasing the computational time
significantly).

To solve this problem, equation (2) was approximated by the compressi-
bility equation (1); the coefficients A and n were selected respectively. In
order to determine these coefficients, the speed of sound in the alloy at
normal conditions was calculated.

c0 =

√
dp

dρ

∣
∣
∣
∣
∣
p=0

.

When the function p(ρ) is used in the form of equation (2), c0 is calculated
using the following equation:

1

ρ0c
2
0

=
3∑

i=1

αi

ρi0c
2
i0

,

here ci0 — are the speeds of sound in the alloy components at normal
conditions which are calculated on the basis of (1) as ci0 =

√
niAi/ρi0.

Calculation of the speed of sound inside VNZh-90 alloy at normal
conditions resulted in a value c0 = 3950m/s. On the other hand, the
expression of c0 which uses the approximating compressibility equation
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р(ρ) (1) can be written as c0 =
√
nA/ρ0 which allows linking the

coefficients A and n: A = ρ0c20/n. So the equation (1) can be rewritten as:

p =
ρ0c
2
0

n

[(
ρ

ρ0

)n
− 1

]

,

where there is the only unknown coefficient n. This coefficient was selected
in case if a deviation of equation (1) from compressibility equation (2) of
the multicomponent material containing tungsten, nickel, and iron in the
given ratio is minimal. A pressure range was considered from 0 to 40 GPa
which overlapped the domain of pressures occurring during the material
interactions at velocities of 1000. . .2000 m/s.

In the end, to perform these numerical computations the dynamic
compressibility equation (1) with coefficients A = 57.1GPa; n = 4.7 was
used. The contrastive analysis of the different dynamic compressibility
curves of the observed material showed that equation (1) with the given
values of the coefficients resulted in the similar way as the ones obtained
by equation (2) for a multicomponent medium.

The numerical computations were performed for a cylinder shaped
projectile made of VNZh-90 alloy with the length of l0 = 500mm and
a diameter of d0 = 24mm (elongation of l0/d0 ≈ 21). The target was
assumed to be made of steel with the strength corresponding to the steel

Рис. 2. Steel target cavity shape during
the penetration of VNZh-90 alloy
elongated projectiles with different yield
strengths at initial interaction velocity of
1600 m/s:
a — d — σY = 50; 500; 1000; 1500 MPa,
respectively

targets of a medium hardness (a
yield strength was set 1000 MPa).
Dynamic compressibility of the steel
target was defined by equation (1)
with the coefficients A = 19.5GPa;
n = 5.642 [18]. Target thickness was
800 mm and its lateral size (diameter)
was 320 mm.

While analyzing the impact of
the projectile material strenght on the
target penetration, its yield strength
σY was taken to be equal to 50; 500;
1000, and 1500 MPa.

Fig. 2 shows the final shapes
of the cavities in the steel targets
obtained during the penetration
of the elongated rods made of
VNZh-90 alloy with different yield
strengths and the initial interaction
velocity v0 = 1600m/s. The results

ISSN 0236-3941. HERALD of the BMSTU Series “Mechanical Engineering”. 2015. No. 1 73



Fig. 3. Velocity and yield strength impact on the VNZh-90 alloy elongated projectile
steel target penetration depth

obtained by varying the initial velocities of the projectiles are summarized
in Fig. 3 by the curves linking penetration depth L (a cavity depth inside
the target measured from initial position of its free surface) with the initial
velocity v0 of the projectile and its material yield strength σY . Analysis of
the given data shows that projectile material strength properties (its yield
strength) produce relatively little effect on its penetration depth at the given
interaction velocities. So at velocity v0 = 1400m/s the difference between
the maximal and minimal penetrations for a yield strength σY ranging from
50 to 1500 MPa is no more than 10 % (the maximal penetration is 560 mm,
the minimal penetration is 510 mm). The higher the interaction velocity is
the less the effect from the yield strength becomes. The penetration depth
change, which is a function of the projectile material yield strength σY at
v0 = 2000m/s, is about 7 %.

It is of particular interest a “singular” effect of the projectile material
strength on the penetration depth which becomes especially evident at
a velocity v0 = 1400m/s (see Fig. 3). This “singularity” implies the
existence of an extremum. It means that as the yield strength σY rises,
the penetration depth increases at first, but then it starts decreasing.
The above-mentioned behavior of the penetration depth L being a
function of the projectile material yield strength remains unchanged at
the initial interaction velocities of 1600 and 1800 m/s. Moreover, as the
velocity increases a peak location shifts in the direction of higher σY . At
v0 = 2000m/s a cavity depth within the given range from 50 to 1500 MPa
increases monotonically as σY rises. However, it is evident that if the
projectile material yield strength (above 1500 MPa) continues increasing,
L must start decreasing.

At the velocity v0 = 1400m/s the penetration depth of the projectile
with the minimum strength (σY = 50MPa) turns out to be higher than in
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case of σY = 1500MPa (L = 540mm vs. L = 510mm, Fig. 3). It is clear
that this “singular” effect found during the numerical computations needs
physical explanation. This explanation can be done in terms of energy.
It is known that a volume of the cavity, which is formed in the target
during the high-velocity penetration of the projectile, depends on its kinetic
energy [19]. As it can be seen in Fig. 2, with the increase of the projectile
material yield strength at a fixed velocity there is a certain decrease of
the cavity lateral size (it evidently occurs due to some difficulties in the
projectile material spreading in the lateral direction on the contact boundary
with the target because of the strength forces). Decrease of the cavity
lateral size under the condition of a fixed volume must lead to increase
of the penetration depth. This fact seems to explain the initial increase
of L along with the increase of the projectile material yield strength. The
stronger projectile deforms less in the radial direction, which results in
spending less energy for radial expansion of the cavity. Further decrease
of the penetration depth along with the increase of the projectile material
strength can be connected with the increase of the energy spent on the
plastic deformation of the projectile itself.

It must be noted that the elongated projectile penetration model didn’t
account for the situation of possible destruction of both the projectile and
target materials which can happen under the real conditions. However,
this fact appears to have insignificant impact on the projectile penetration
dependence on the projectile material strength. The destruction cannot
immediately occur in the penetration area (in the projectile and target
material contact area of a radial size, which corresponds to the projectile
radius) since the materials are in the state of uniform compression in
this area. Destruction may appear (and experimental data prove it) when
the projectile material spreading over the penetration area in the radial
direction takes the form of a thin film and its intensive plastic deformation
almost stops. This film composition (whether it remains continuous or
undergoes destruction) is of little significance considering its impact on the
penetration.

Summing everything up it should be noted that the real values of σY
for the the VNZh-90 alloy (at the level of 1000 MPa) are close to optimal
which provide the maximal penetration depth (see Fig. 3).

As it can be seen in Fig. 3, the projectile velocity has an impact on the
penetration depth that is more significant than on the projectile material
strength. The velocity of a projectile made of the VNZh-90 alloy with the
yield strength of 1000 MPa increases from 1400 to 2000 m/s, which results
in 12 mm cavity depth increase (from L = 545mm to L = 670mm);
it is approximately 23 %. As the velocity increases, a cavity lateral size
increases considerably as well.
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It must be noted that a hydrodynamic limit of the penetration depth
(calculated according to the hydrodynamic penetration theory [2] using both
the projectile length and its density – a target density ratio) for the VNZh-
90 alloy projectile with the length of l0 = 500mm, in the case of a steel
target is about 740 mm. Therefore, the penetration depth at v0 = 2000m/s
is additionally about 10 % less than its hydrodynamic limit.

Fig. 4 shows the material density fields at different time, which
illustrates the penetration of a steel target by the VNZh-90 alloy rod-
shaped projectiles with the length of l0 = 500mm and a typical yield
strength (σY = 1000MPa) at the initial velocities v0 = 1400m/s (Fig. 4, a)
and v0 = 2000m/s (Fig. 4, b). The presented results prove that in both

Fig. 4. Steel target penetration by the VNZh-90 alloy elongated projectiles with the
yield strength of 1000 MPa at different initial velocities:
а — v0 = 1400m/s; b — v0 = 2000m/s
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Fig. 5. Change of the parameters during the steel target penetration by the VNZh-
90 alloy rod with the yield strength of 50 MPa (a) and 1500 MPa (b) at the initial
interaction velocity of 1400 m/s

cases a hydrodynamic penetration mode occurs when the projectiles “wear
away” completely as a result of their material spreading along the contact
boundary of the cavity formed in the target.

Fig. 5 and 6 illustrate the dynamical penetration of the VNZh-90 alloy
elongated projectiles used in the computations. It is illustrated by a time
ratio of the penetration depth L, a projectile current length l, a projectile
trailing end velocity ve, a penetration velocity vc, and an axial stress
σzs on the contact border of the target constructed for the following
projectile initial velocities v0 and yield strength σY values: v0 = 1400m/s,
σY = 50MPa (Fig. 5, a); v0 = 1400m/s, σY = 1500MPa (Fig. 5, b);
v0 = 2000m/s, σY = 1000MPa (Fig. 6).

Comparison of the data in Fig. 5 shows a significant difference between
a dynamical behavior of the penetration parameters for the projectile with
a minimum strength (σY = 50MPa, see Fig. 5, a) and for a projectile with
a very high strength (σY = 1500MPa, see Fig. 5, b) at the same initial
velocity.

ISSN 0236-3941. HERALD of the BMSTU Series “Mechanical Engineering”. 2015. No. 1 77



Fig. 6. Change of parameters during the steel target penetration of the VNZh-90
alloy rod with the yield strength of 1000 MPa at the initial interaction velocity of
2000 m/s

Both the projectile trailing end velocity ve and the steel target contact
boundary velocity vc of a low strength projectile remain constant during
the whole penetration process. Their values drop to zero only at the very
moment when the projectile length reduces to the value close to its diameter
(see Fig. 5, a). On the contrary, in the case of a high-strength projectile
there is a visible reduction of the velocities ve and vc at the early stages
of the process (see Fig. 5, b). This fact correlates with the Alekseyevsky –
Tate rod-shaped projectile penetration model [4, 5]. Velocity reduction of
the remaining part of the high-strength projectile during the penetration
results in reducing contact stresses σzc while contacting with the target (see
Fig. 5, b). For a low-strength projectile these stresses remain approximately
constant up to the moment when the projectile length becomes zero
(see Fig. 5, a). The performed analysis highlights physical factors, which
cause a higher penetration effect when a projectile with the yield strength
σY = 50MPa is used comparing to a projectile with the yield strength
σY = 1500MPa at the interaction velocity v0 = 1400m/s.
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When the projectile velocity rises up to v0 = 2000m/s, a rather
high yield strength of the projectile material (σY = 1000MPa) does not
cause any noticeable deceleration of the remaining part of the projectile
(see Fig. 6). The penetration velocity v0 — initial velocity v0 ratio at
v0 = 2000m/s turns out to be significantly higher than at v0 = 2000m/s,
which apparently arises from the reduction of the target strength effect
during the increase of the interaction velocity. Contact stress σzc at the target
interface increases almost twofold (approximately from 4 up to 7,5 GPa)
when the interaction velocity rises from 1400 to 2000 m/s.

In the both cases this stress is much higher than the yield strength
of the projectile material which provides conditions for a hydrodynamic
penetration mode.

In general, the results of the numerical computation show that the
material strength of the elongated projectiles made of a high-density alloy
has an insignificant impact on their penetration at the interaction velocities
of 1500 m/s and higher. Therefore, it does not seem to require taking special
measures for increasing material strength up to the maximal possible limit
while developing the production process of the high-density rod-shaped
projectiles. On the contrary, the analysis showns that a very high yield
strength of the elongated projectile material may result even in a certain
decrease of the projectile penetration.

According to the results of the numerical simulation, the dependence
of the projectile penetration depth on its material yield strength is
nonmonotonic and has a poorly defined extremum corresponding to the
maximal penetration.

The work was fulfilled with the financial support of the Russian Ministry
of Education and Science. It is a part of the basic component of the state
government task for higher educational establishments.
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